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Preface

The Urgency of the Problem

The class of algebras which are defined by (hyper)identities is called a (hyper)variety.
For example, semigroups, quasigroups, groups, rings, lattices, Boolean algebras are vari-
eties. But the class of ﬁeidsl is not a variety (followed from the classical Birkhoff theorem [1]
on varieties). Below we give an example of a hypervariety also.

First, let us define some formulae, which are -investigated in this thesis. A hyperiden-

tity is a second order formula:

VXI,..-,XmVI],---,xn (wl :w2)7 (1)

L 4
where Xy,..., X,, are the functional variables (symbols of opefati and z,,...,z, are

the objective variables in the words (terms)of wy, ws. hyperidentities are written

without a quantifier prefix: w, = w,. We say that Gﬁentity, wy = ws, holds (is

valid) in an algebra, (Q;X), or an algebra (@; %the hyperidentity, w; = wy, if

this equality is valid when every obJectlve vagm,, is replaced by an arbitrary element
|

of Q and every functional variable, d by any operation of the corresponding

arity from X [2,3].
The hyperidentity is alsoca V(V)-identity. m is called the functional rank and

n is called the objective r the given hyperidentity (1).

= {|A||A € T}, where |A]| is the arity of the operation,

(@; %), is called medial or abelian, if A satisfies the following

hyperidentity of mediality:
X(Y(xu, o ,.’I‘[m), . Y(.’Cﬂl, ahice -rInm)) = Y(X(.Tu, s In[), aina sy X(.’L‘lm, SEE ,.’.Enm))

for every m, n € Ty. So, the class of medial algebras is a hypervariety.

Examples. Let Q(-) be a medial semigroup, i.e. a semigroup with the identity: zy - uv =

zu - yv. The following function:

f(zy)-zl -zf,", neN, k,eN,



where z; # z;4; and z; € {z,y}, is called a binary polynomial of the semigroup, Q(-). If
X is a set of the binary polynomials of the medial semigroup, Q(-), then in the binary

algebra, (Q; ¥g), the hyperidentity of mediality:
X(Y(z,9),Y(u,v)) = Y(X(z,u), X(y,v)) (2)

is valid, i.e. the algebra, (Q;Xq), is medial. Analogical result is valid for ternary and, in
general, for n-ary polynomials of semigroups.

If Q(A) is a medial quasigroup, i.e. a quasigroup with the identity:

A(A(z, ), A(u,v)) = A(A(z, u), A(y,v)),

i *
A" and “'A are right and left inverse operations of A,\& in the algebra,
(Q; A, A~',"1 A), the hyperidentity (2) is valid, i.e. the am, A1 -14), is medial.
If Q(A) is a distributive quasigroup, i.e. a qua,si bh the identity:

Az, A(u,v)) = A( ) l(z,v)),

A(A(z,y),u) = Lu), A(y, u)),

A and ~'A are right and lésJhverse operations of A, then in the algebra,

(Q; A, A7 71 A), the followi entities of distributivity is valid:

Y{y,2)) = Y (X(z,9), X(z,2)),
X(Y(z,y),2) = Y(X(z, 2), X(y, 2))-
The following second order formula is called a V3(V)-identity:
VX1, Xk Xty oy XV, -, T () = w)), 3)

where w; and w, are the words (terms) in the functional, Xy, ..., X,,, and in the objective
variables; 1, ..., Z,.

k is called functional rank of the given V3(V)-identity (3).



The satisfiability of these second-order formulae in the algebra, (Q; X), is understood
by the quantifiers, (V.X;), and (3X;) means: "for every value, X; = A € ¥, of the corre-
sponding arity” and "there exists a value X; = A € X of the corresponding arity”. This
semantics is compatible with bihomomorphism of the algebras [2], that are defined as the

pairs, (% 1,5), of maps with the condition:

P A, 2n) = [6(A)] (P21, pn)

An algebra with an V3(V)-identity of mediality is called a medial system. So every
medial algebra is a medial system.
In paper [4] the Hamiltonian varieties are characterized by @-identities. The va-
|

L 4
riety, V, is called Hamiltonian, if from the condition, A < £ x

set of % is a class of equivalence for some congruence %page [5] the discriminator

lows that the basic

varieties are characterized by V3(V)-identities.

In paper [6] the V3(V)-identities of assocmt@ 2 and one V3(V)-identities of

mediality of rank 3 are studied. @
In the first part of this thesis the ideti#ities of mediality of rank < 2 are studied.

In the second part of this thesi

of mediality (2) are studied.

During the second Wi
service and developed d of error detection based on using of identities with func-
tional variables, i

with quasigroup operations [7-9]. Particularly, he proved the following result [9].

Schauffler theorem. Let Q be a non-empty set. For any pair of (binary) quasigroups,
Q(A) and Q(B), there exists a pair of quasigroups, Q(C) and Q(D), with the identity

A(B(z,y), 2) = C(z, D(y, 2)) (4)

iff the cardinality |Q| < 3

In other words, if Qg is a set of all (binary) quasigroups on the set, @, then in the

5



algebra, (Q:€g), the following V3(V)-identity of associativity is satisfied:
VX,Y3Z,UVz,y, 2(X(Y(2,y),2) = Z(x, U(y, 2))) (5)

iff the cardinality |Q| < 3.

In paper [6] another pr.(_)uf of Schauffler’s theorem is suggested, while in papers [1(}13] ‘
this result is Extﬁl-lded fér t,érna'ry and r‘L-ary quasigroups caées;, as well as for topological
n-ary (uasigroups.

In paper [14] the following result is proved.

Let @ be a non-empty set. For every pair of (binary) groupoids, Q(A) and Q(B),
there exists a pair of (binary) groupoids, Q(C) and Q(D), with the identity (4) iff the

. \
kset, (2, then in the

In other words, if Gg is a set of all (binary) operations o £
algebra, (Q;Gg),the second order formula (5) is sa he set, (), is infinite or

singleton. &
A more general result is proved in paper
; r

Let  be a non-empty set. For e

set, (2, is infinite or singleton.

there exists a pair of (binary) grou
cardinality || < 3 or the set,

Besides, in paper [15]
also considered.

The mention s are still open for the medial identity:

A(B(x,y), C(u,v)) = D(E(z,u), F(y,v)),

i.e. for the medial systems. One of the main goal of this dissertation thesis is solution of

the mentioned problems for medial systems.

The Aim and Objectives of the Dissertation

The main aims of the present investigation are the following:
1) To characterize the invertible algebras with V3(V)-identities and V3, (V)-identities

of mediality of rank 2;



2) To characterize the full invertible algebras with V3(V)-identities of mediality of
rank 2;

3) To characterize the sets which satisfies the V3(V)-identities and V3,(V)-identities
of mediality (with special quantifiers) of rank 1 or 2;

'4) To describe the connection between the rigﬁt (left) invertible medial algebras and
right (left) product of binary functions; -

5) Application obtaining results for transitive modes (i.e. medial and idempotent

algebras).

The Objects of the Investigation
The objects of this investigation are the VH(V)—identiti% and hyperidentities of me-
diality, the right (left) invertible algebras, the right (left) gro&&
idempotent and medial algebras (modes), the transi <
The Methods of the Investigation ‘@X

In this thesis we used the results of quasigr &s theory, as well as: the concept

inary functions, the

of the group of holomorphisms; the conce group of isotopisms; the concept of the

group of the left (right) invertible op

The Novelty of the Results

The main results of the are new and concern the above mentioned directions.

The following five types o ts are proved in the thesis:
1. If invertible ; ) satisfy the V3, (V)-identity of mediality of functional rank
2 then there exists belian group Q(o) such that any operation A, € ¥ is determined

by the rule:
Ai(z,y) = gz o t; 0 Py,

where ;. 9; € Aut Q(o) and ¢; € Q.
2. In the full invertible algebra, (Q; Qg), the ¥3(V)-identity of mediality of functional
rank 2 is satisfied iff the cardinality |Q| < 3.

3. In the full algebra, (Q; Gg), the VI(V)-identity of mediality of functional rank 2 is



satisfied iff the set, @, is infinite or singleton.

4. In the full invertible algebra, (Q; Qg), the ¥35(V¥)-identity of mediality of functional
rank 2 is satisfied iff the cardinality |Q| < 3, or @ is infinite.

5. If (@;X) is a transitive mode, then there exists a field Q(+,-) such that every

operation A € ¥ is determined by the rule:
A(z,y) = (e — a)z + ay,

where e is the identity element of the field and a € @ (and depends on A).

The Practical Significance of the Results

The results of dissertation can be used in theory of quasigxﬁxnd loops, in studies

of groups of the left and right invertible binary operations, in cHaracterization of the

left (right) invertible medial algebras, in the charactez&f the left (right) medial

quasigroups, as well as in universal algebras. @
The Approbation of the Outcome é
The main results of the thesis wer% the following international scientific

conferences:

*
— Computer Science and Infor technologies, 2009 (CSIT 2009):

~ Workshop on Non-Cl ebraic Structures, Bedlowo, Poland, June 2-3, 2010.
— Arbeitstagung Al i lgebra (80th Workshop on general Algebra), Bedlowo,

Poland, June 4-6,
Publications

The following papers on the subject were published in: [52]- [55].

The Structure of the Work

The thesis is consisted of a Preface, two Chapters, Conclusion and References.



